Abstract. The classical result of J.J. Kohn asserts that over a relatively compact subdomain D with C ∞ boundary of a Hermitian manifold whose Levi form has at least n − q positive eigenvalues or at least q + 1 negative eigenvalues at each boundary point, there are natural isomorphisms between the (p, q) Dolbeault cohomology groups defined by means of C ∞ up to the boundary differential forms on D and the (finite-dimensional) spaces of harmonic (p, q)-forms on D determined by the corresponding complex Laplace operator. In the present paper, using Kohn's technique, we give a similar description of the (p, q) Dolbeault cohomology groups of spaces of differential forms taking values in certain (possibly infinite-dimensional) holomorphic Banach vector bundles on D. We apply this result to compute the (p, q) Dolbeault cohomology groups of some regular coverings of D defined by means of C ∞ forms constrained along fibres of the coverings.
Introduction
Let X be a connected Hermitian manifold of complex dimension n. A relatively compact subdomain D = {x ∈ X : ρ(x) < 0} ⋐ X, ρ ∈ C ∞ (X), with C ∞ boundary ∂D is said to have Z(q)-property, if the Levi form of ρ has at least n − q positive eigenvalues or at least q + 1 negative eigenvalues at each boundary point of D (e.g., a strongly pseudoconvex subdomain of X has Z(q)-property for all q > 0).
Let Λ p,q (D) be the space of C ∞ (p, q)-forms on D that admit C ∞ extension in some open neighbourhood of the closureD of D in X. Using the Hermitian metric on X, in a standard way one defines the Laplace operator on Λ p,q (D), see, e.g., [K] for details. The forms in Ker =: H p,q (D) are called harmonic.
The following result is the major consequence of the theory developed by J.J. Kohn, see [KN] , [K] or [FK] . Theorem 1.1. Suppose D has Z(q)-property. Then dim C H p,q (D) < ∞ and each∂-closed form ω ∈ Λ p,q (D) is uniquely presented as (1.1) ω =∂ξ + χ, where ξ ∈ Λ p,q−1 (D), χ ∈ H p,q (D). Since Theorems 1.1 and 1.2 are independent of p, they can be viewed as assertions about spaces of C ∞ (0, q)-forms onD with values in the (finite-dimensional) holomorphic vector bundle of (p, 0)-forms on X. This manifests a more general fact: Kohn's arguments can be transferred without significant changes to spaces of C ∞ (p, q)-forms onD taking values in a finite-dimensional Hermitian holomorphic vector bundle on X (see, e.g., [FK, Ch.IV] ).
It follows that the map
The goal of the present paper is to extend Theorems 1.1 and 1.2 to spaces of C ∞ (p, q)-forms onD with values in an infinite-dimensional holomorphic Banach vector bundle E on X. (Note that if E is not Hilbertian, Kohn's arguments are not applicable.) We apply these results to differential forms on (possibly unbounded!) subdomainsD ′ = r −1 (D) ⊂ X ′ , where r : X ′ → X is a regular covering of a complex manifold X, satisfying additional constraints along fibres of the covering (see Section 3). Such forms appear within theories of algebras of bounded holomorphic functions on regular coverings of X. Another, sheaftheoretic, approach to the study of such algebras was proposed in [BrK] . It is based on analogues of Cartan theorems A and B for coherent-type sheaves on certain fibrewise complactifications of the covering (a topological space having some properties of a complex manifold).
Main results
Let π : E → X be a holomorphic Banach vector bundle with fibre B. For an open U ⊂ X by Λ p,q (U, E) we denote the space of C ∞ E-valued (p, q)-forms on U , i.e., C ∞ sections of the holomorphic Banach vector bundle E ⊗ ∧ p T * X ∧ ∧ q T * X over U (here T * X is the holomorphic cotangent bundle on X). Also, we denote by O(X, E) the space of holomorphic sections of E equipped with (Hausdorff) topology of uniform convergence on compact subsets of X (defined in local trivializations on E by the norm of B). For a compact subset S ⊂ X by C(S, E) we denote the space of continuous sections of E on S equipped with topology of uniform convergence. (The former space admits the natural structure of a Fréchet space and the latter one of a complex Banach space).
Let Λ p,q (D, E) := Λ p,q (X, E)|D be the space of restrictions toD of C ∞ E-valued forms on X. In a standard way, using local trivializations on E, we equip Λ p,q (D, E) with the Fréchet topology determined by a sequence of C k -like norms { · k,D,E } ∞ k=0 (see subsection 4.1). Then the standard operator
is continuous. Consider the corresponding subspaces of∂-closed and∂-exact forms
equipped with topology induced from Λ p,q (D, E). Our results concern the structure of the cohomology group
and its dual, for bundles from the class Σ 0 (X) consisting of direct summands of holomorphically trivial bundles, that is, E ∈ Σ 0 (X) if there exists a holomorphic Banach vector bundle E ′ on X such that the Whitney sum of bundles E ⊕ E ′ is holomorphically trivial.
Example 2.1. Each holomorphic Banach vector bundle on a Stein manifold Y is in Σ 0 (Y ) (see, e.g., [ZKKP, Th. 3.9] ). Thus if f : X → Y is a holomorphic map, then E := f * E ′ ∈ Σ 0 (X) for every holomorphic Banach vector bundle E ′ on Y . The class of such bundles E will be denoted by Σ s 0 (X).
In what follows, by Z m we denote the m-fold direct sum of a vector space Z, and we ignore all objects related to m = 0.
(1) There exist a closed complemented subspace A ⊂ O(X, E) m and a finite subset S ⊂D such that (a) A| S is a closed subspace of the Banach space C(S, E) m and the restriction to S induces an isomorphism of the Fréchet spaces
is an isomorphism of Fréchet spaces.
(2) If the group GL(B) of invertible bounded linear operators on the fibre B of E is contractible, and E ∈ Σ s 0 (X), then the restriction map r x :
, is a Banach space isomorphism for each x ∈ X. Remark 2.3. (1) It follows that B p,q (D, E) is a closed subspace of the Fréchet space Z p,q (D, E) and so the quotient space H p,q (D, E) is Fréchet. It is trivial if m = 0, for otherwise, it is isomorphic (in the category of Fréchet spaces) to the complex Banach space A| S ⊂ C(S, E) m ∼ = B rm ; here r is the cardinality of S.
(2) If X is a Stein manifold, then it admits a Kähler metric. Working with this metric, one obtains that the corresponding harmonic forms χ i in Theorem 2.2 are also d-closed (see, e.g. [GH, Ch.0, Sect.7] ).
(3) The class of complex Banach spaces B with contractible group GL(B) include infinite-dimensional Hilbert spaces, spaces ℓ p and L p [0, 1], 1 ≤ p ≤ ∞, c 0 and C[0, 1], spaces L p (Ω, µ), 1 < p < ∞, of p-integrable measurable functions on an arbitrary measure space Ω, some classes of reflexive symmetric function spaces and spaces C(G) for G being infinite dimensional compact topological groups (see, e.g., [M] for details).
Next, we formulate an analogue of Theorem 1.2. We will need the following notation. Let V → X be a holomorphic Banach vector bundle. Set
and define the V -valued Dirichlet cohomology groups ofD by the formula We retain notation of Theorem 2.2. In the following result H p,q (D, E), E ∈ Σ 0 (X), is equipped with the Fréchet space structure given by Theorem 2.2. By E * we denote the bundle dual to E. Also, for m > 0, {χ i } m i=1 is a fixed basis of H p,q (D) and A ⊂ O(X, E) m is the corresponding subspace of Theorem 2.2.
Applications
As it was mentioned in the Introduction, forms taking values in holomorphic Banach vector bundles arise as an equivalent presentation of forms defined on subdomains of coverings of complex manifolds and satisfying additional constraints along the fibres of the coverings. In what follows, we outline the main features of this construction (see [Br] , [BrK] for details).
Let r : X ′ → X be a regular covering with a deck transformation group G of a connected complex manifold X. Assume that X ′ is equipped with a path metric d ′ determined by the pullback to X ′ of a smooth hermitian metric on X.
Definition 3.1. By C B (X ′ ) = C B (X ′ , X, r) we denote the space of complex continuous functions f : X ′ → C uniformly continuous with respect to metric d ′ on subsets r −1 (U ), U ⋐ X, and such that for each
and each R g is an invertible bounded linear operator on B.
Here are some examples of such spaces B.
Example 3.2. Uniform algebras. As space B one can take a closed unital subalgebra of the algebra ℓ ∞ (G) of bounded complex functions on G (with pointwise multiplication and sup-norm) invariant with respect to the action of G on ℓ ∞ (G) by right translations R g , g ∈ G, e.g., algebra ℓ ∞ (G) itself, algebra c(G) of bounded complex functions on G that admit continuous extensions to the one-point compactification of group G, algebra AP (G) of the von Neumann almost periodic functions on group G (i.e. uniform limits on G of linear combinations of matrix elements of irreducible unitary representations of G), etc. If group G is finitely generated, then in addition to c(G) one can take subalgebras c E (G) ⊂ ℓ ∞ (G) of functions having limits at '∞' along each 'path' (see [BrK] for details).
Orlicz spaces. Let µ be a σ-finite regular Borel measure on G such that for each g ∈ G there exists a constant c g > 0 so that
As space B one can take the space ℓ Φ of complex µ-measurable functions on G such that
If Φ(t) := t p , 1 < p < ∞, then one obtains classical spaces ℓ p (G, µ).
As measure µ one can take, e.g., the counting measure µ c on G, in which case all c g = 1. If group G is finitely generated, one can take µ := e u µ c , where u : G → R is a uniformly continuous function with respect to the G-invariant metric on G induced by the natural metric on the Cayley graph of G defined by a fixed family of generators of G.
It is easily seen that the definition of space C B (X ′ ) does not depend on the choice of the hermitian metric on X. If we fix a cover U of X by simply connected relatively compact coordinate charts and for a given chart U ∈ U endow the 'cylinder' U ′ := r −1 (U ) with local coordinates pulled back from U (so that in these coordinates U ′ is naturally identified with U × G), then every function f in C B (X ′ ), restricted to U ′ , can be viewed as a continuous function on U taking values in space B.
We equip C B (X ′ ) with the Fréchet topology defined by the family of seminorms · U , U ⋐ X,
where
, g ∈ G, and · B is the norm of B.
we denote the subspace of holomorphic functions in C B (X ′ ).
Example 3.3 (Bohr's almost periodic functions, see, e.g., [BrK] for details). A tube domain T ′ = R n + iΩ ⊂ C n , where Ω ⊂ R n is open and convex, can be viewed as a regular covering r : T ′ → T (:= r(T ′ ) ⊂ C n ) with deck transformation group Z n , where
Let B = AP (Z n ) be the complex Banach algebra of the von Neumann almost periodic functions on group Z n endowed with sup-norm.
coincides with the algebra of holomorphic almost periodic functions on T ′ , i.e. uniform limits on tube subdomains
where ·, · is the Hermitian inner product on C n , and C B (T ′ ) (=: C AP (T ′ )) coincides with the algebra of continuous uniformly almost periodic functions on T ′ .
The theory of almost periodic functions was created in the 1920s by H. Bohr and nowadays is widely used in various areas of mathematics including number theory, harmonic analysis, differential equations (e.g., KdV equation), etc. We are interested, in particular, in studying cohomology groups of spaces of differential forms with almost periodic coefficients. Such forms arise as the special case of the following
Comparing definitions of spaces Λ p,q B (D ′ ) and Λ p,q (D, E X ′ ), where π : E X ′ → X is the holomorphic Banach vector bundle with fibre B associated to regular covering r : X ′ → X (viewed as a principal bundle on X with fibre G, see e.g., [BrK] ), and likewise endowing Λ p,q B (D ′ ) with a sequence of C k -like seminorms, we obtain isomorphisms of Fréchet spaces
commuting with the corresponding∂ operators. These induce (algebraic) isomorphisms of the corresponding cohomology groups:
Without loss of generality, we may and will assume that f * is an epimorphism. (Indeed, if H := f * (π 1 (X)) is a proper subgroup of π 1 (Y ), then by the covering homotopy theorem, there exist an unbranched covering p :
Stein. Thus, we may replace f by f ′ .)
Next, let r : X ′ → X be a regular covering with a deck transformation group G isomorphic to a quotient group of π 1 (Y ). Ifr : Y ′ → Y is the regular covering of Y with the deck transformation group G, then by the covering homotopy theorem there exists a holomorphic map
is the holomorphic Banach vector bundle with fibre B defined similarly to E X ′ above). In particular, E X ′ ∈ Σ s 0 (X), see Example 2.1, and hence Theorem 2.2 can be applied to describe cohomology groups H p,q B (D ′ ). Under the above assumptions we obtain (as before, we ignore all objects related to m = 0):
be the pullback toD ′ of a basis in H p,q (D). 
(2) If the group GL(B) of invertible bounded linear operators on B is contractible, then the restriction map A → A| π −1 (x) ∼ = B m is a Banach space isomorphism for each x ∈ X. (2) As follows from the assumptions, Theorem 3.5 is applicable to nontrivial coverings r : X ′ → X provided that X admits a holomorphic map into a Stein manifold that induces a nontrivial homomorphism of the corresponding fundamental groups. In particular, if X is Stein, the theorem is valid for any regular covering r : X ′ → X. If, in addition, D is homotopically equivalent to X, then H p,q B (D) = 0 for p + q > n := dim X. Indeed, in this case, due to Remark 2.3 (2), H p,q (D) has a basis consisting of d-closed forms. Since X, being Stein, is homotopically equivalent to an n-dimensional CW-complex, these forms must be d-exact for p + q > n and, hence, equal to zero (because they are harmonic with respect to the Laplacian defined by d). This implies the required statement.
(3) In view of Remark 2.3 (3), group GL(B) is contractible for spaces of Example 3.
1 in case G is infinite and maximally almost periodic (i.e. finite-dimensional unitary representations separate points of G, see, e.g., [BrK] for examples of such groups). In all these cases, under assumptions of Theorem 3.5, we obtain that H p,q
where D ⋐ T and r : T ′ → T is the covering of Example 3.3 (T ⊂ C n is Stein because it is a relatively complete Reinhardt domain, see, e.g., [S] ).
(4) Similarly, one can reformulate Theorem 2.4 to deal with forms in Λ p,q B * (X ′ ) vanishing on ∂D ′ := r −1 (∂D) in case the dual space B * of B is a function space on G satisfying conditions of Definition 3.1. This holds, for instance, if B is a reflexive Orlicz space ℓ Φ satisfying assumptions of Example 3.2 or c(G) and ℓ 1 (G, µ) spaces of this example. On the other hand, for space AP (G) with G as above the dual AP (G) * is the space of regular complex Borel measures on bG (the Riesz representation theorem) and therefore to obtain a version of Theorem 2.4 in this case one works with forms in Λ r,t 0 (D, E * X ′ ). We leave the corresponding details to the reader.
Proof of Theorem 2.2
4.1. Banach-valued differential forms. Let U ⋐ C n be a bounded open subset and B a complex Banach space with norm · B . We fix holomorphic coordinates z = (z 1 , . . . , z n ) on C n . For tuples α = (α 1 , . . . , α p ) ∈ N p and β = (β 1 , . . . , β q ) ∈ N q , each consisting of increasing sequences of numbers not exceeding n, we set |α| := p, |β| := q and dz α ∧ dz β := dz α 1 ∧ · · · ∧ dz αp ∧ dz β 1 ∧ · · · ∧ dz βq .
As usual, in real coordinates x 1 , . . . , x 2n , z j :
+ , of order ord(γ) := γ 1 + · · · + γ 2n are given by the formulas
and a subset W ⊂ U we define 
One easily shows that
where c p,q,k,n is the cardinality of the set of indices of sums in (4.4).
ByΛ p,q (W, B) we denote the space of C ∞ B-valued (p, q)-forms η on U such that η k,W,B < ∞ for all k 0. In a standard way one proves that spaceΛ p,q (U, B) is complete in the Fréchet topology determined by norms { · k,U,B } k∈Z + (cf. [R, Th. 7.17] ). Now, let us fix a finite family of coordinate charts (U j , ϕ j ) on X such that U = (U j ) forms a finite open cover of an open neighbourhood ofD and each ϕ j maps a neighbourhood ofŪ j biholomorphically onto a bounded domain of C n . Let π : E → X be a holomorphic Banach vector bundle with fibre B. Using fixed trivializations ψ j : E →Ū j × B of E overŪ j and the holomorphic coordinates on U j pulled back by ϕ j from C n , we define spacesΛ p,q (W, E), W ⊂ U j ∩D, of C ∞ E-valued (p, q)-forms on U j ∩D as pullbacks of spacesΛ p,q (ϕ j (W ), B) . Seminorms onΛ p,q (W, E) obtained by pullbacks of seminorms · k,ϕ j (W ),B are denoted by · k,W,E . Finally, we equip the space Λ p,q (D, E) := Λ p,q (X, E)|D of C ∞ E-valued forms onD with topology τ p,q = τ p,q (E) defined by the sequence of norms
Using, e.g., the Hestens extension theorem [He] , one checks easily that Λ p,q (D, E), τ p,q is a Fréchet space and that topology τ p,q is independent of the choice of coordinate charts (U j , ϕ j ) and trivializations ψ j as above. If in the above construction we will take pullbacks of norms · ′ k,ϕ j (U j ∩D),B , denoted by · ′ k,U j ∩D,E , then due to (4.5) the sequence of norms
will produce the same topology on Λ p,q (D, E). By our definitions, the standard operator
is continuous. Hence,
Proof of Theorem 2.2.
A. First we prove part (1) of the theorem for the trivial bundle E = X × B, where B is a complex Banach space. As the required subspace A ⊂ O(X, E) m we will take the space of constant maps X → B m (naturally identified with B m ) and as the set S a point of D. Then statement (a) of the theorem is obvious.
Let us show that there exist continuous linear maps
is an isomorphism of the corresponding Fréchet spaces. By the definition its inverse coincides with the operator L which completes the proof of the theorem in this case. Indeed, for B = C existence of the operators G C and H C is proved in [FK, Ch. III.1] (in the terminology of [FK] , G C :=∂ * N , where N is the "∂-Neumann operator" and H C is the "orthogonal projection" onto H p,q (D)). Their continuity in the corresponding Fréchet topologies follows from [FK, Th. 3.1 .14] and the Sobolev embedding theorem.
In the case of the general bundle E = X × B, first we define the required operators on the (algebraic) symmetric tensor product B ⊗ C Λ p,q (D) ⊂ Λ p,q (D, E) by the formulas
where Id B : B → B is the identity operator. If ω ∈ B ⊗Λ p,q (D), then due to the continuity of the scalar operators G C and H C we have, for all k ≥ 0 and the corresponding norms,
and, similarly,
, where M and N are some constants independent of ω (but depending on k, n, D and the data in definitions of the above norms).
Remark 4.1. The shift of index in norms of inequalities for G B (ω) results from the fact that in [FK, Th. 3.1 .14] one considers G C as a continuous operator between the corresponding Sobolev spaces W k and therefore to switch to the case of our norms we must apply the Sobolev embedding theorem. On the other hand, the operator H C is defined by the inner product with elements of a basis of H p,q (D) and so its norm as an operator acting in C k spaces can be estimated directly without involving the Sobolev norms.
The above norm estimates show that linear operators
, τ (this can be easily seen using, e.g., approximation of local coefficients of forms in Λ p,q (D, E) by their Taylor polynomials and then patching these approximations together by suitable partitions of unity), the latter implies that G B and H B can be extended to continuous operators on Λ p,q (D, E), τ p,q with ranges in Λ p,q−1 (D, E) and B ⊗ C H p,q (D), respectively. We retain the same symbols for the extended operators.
Let us show that so defined operators satisfy identity (4.6). In fact, for each g ∈ B * the linear map
is uniformly continuous in the corresponding Fréchet topologies and therefore is extended to a linear continuous map
In particular, for ω ∈ Z p,q (D, E) we haveĝ p,q (ω) ∈ Z p,q (D); hence, due to the previous identities and since (4.6) is valid for B = C,
It is easily seen that the family of linear maps {ĝ p,q : g ∈ B * } separates the points of Λ p,q (D, E). Therefore the latter implies that∂G B (ω) + H B (ω) = ω for all ω ∈ Z p,q (D, E), as required.
B. Now, we consider the case of an arbitrary holomorphic Banach vector bundle E ∈ Σ 0 (X). By the definition, there exists a holomorphic Banach vector bundle E 1 → X such that E 2 := E ⊕ E 1 is holomorphically trivial Banach vector bundle with a fibre B 2 . By i : E → E 2 and r : E 2 → E, r•i := Id E , we denote the corresponding bundle homomorphisms. In a natural way, they induce continuous linear maps of the corresponding Fréchet spaces:
. Moreover,î p,q andr p,q commute with the correspondinḡ ∂ operators and thereforeî p,q embeds
Next, we define continuous linear operators
where G B 2 and H B 2 are operators constructed in part A for the trivial bundle E 2 := X × B 2 . Due to identity (4.6) for these operators we have
This implies (since H B 2 maps∂-exact forms to 0)
, by the open mapping theorem the correspondence η → (c 1 (η) , . . . , c m (η)) determines an isomorphism of the Fréchet spaces c :
2 . In what follows we regard B 2 as the subset of O(X, E 2 ) consisting of constant sections. Also, we equip the space O(X, E) m of holomorphic sections of ⊕ m E with topology of uniform convergence on compact subsets of X.
We have the following sequence of continuous linear maps
Let us define the required space A ⊂ O(X, E) m of the theorem as the image of
By our definition, t • P = H E on Z p,q (D, E), and since H E is the identity map on H E (Z p,q (D, E)) and zero on B p,q (D, E), the subspace A ⊂ O(X, E) m is closed and P :
is an isomorphism of the Fréchet spaces. Note that Ker (P • t) consists of all (f 1 , . . . , f m ) ∈ O(X, E) m such that t(f 1 , . . . , f m ) ∈ B p,q (D, E). Now, to define the required set S ⊂D of the theorem and to prove statement (a) let us prove, first, the following result. Proof. Indeed, map t in (4.9) can be factorized as t =t • RD for a continuous linear map
Also, by our construction, see part A above, map
is continuous and, hence, admits a continuous extension 
2 , and, hence, {(r(b k )} k∈N converges in O(X, E) m (in topology of uniform convergence on compact subsets of X). Let D ′ ⊃D be a relatively compact subdomain of X. We equip the space C(D ′ , E) with a norm · 0,D ′ ,E defined similarly to · 0,D,E (see subsection 4.1). Topology defined by this norm is topology of uniform convergence onD ′ , and C(D ′ , E), · 0,D ′ ,E is a Banach space. We define A(D ′ , E) to be the closure in C(D ′ , E) of the trace space O(X, E)|D′ . We have the following sequence of continuous linear maps (induced by subsequent restrictions
As a straightforward corollary of Lemma 4.2 we obtain In particular, this lemma implies that there exists a constant C > 0 such that
Let us fix a complete (smooth) Hermitian metric on X and with its help define the path metric d : X × X → R + . For a fixed ε > 0 by S ε ⊂D we denote an ε-net inD with respect to the metric d.
Proposition 4.4. For a sufficiently small ε the restriction map
, then according to the Cauchy estimates for derivatives of bounded holomorphic functions we have for a constant C ′ > 0 depending on D, D ′ and definitions of the corresponding norms
This, the definition of the metric d and the intermediate-value inequality imply that there exist a constant C ′′ > 0 (independent of v) such that for all ε > 0 and
Let us choose ε so that 0 < ε ≤ C 2C ′′ , where C is defined in (4.10). If v ∈ A is such that v|D 0,D,E = 1, then according to (4.10), v|D′ 0,D ′ ,E ≤ 1 C , and (4.11) implies that v| Sε 0,Sε,E m ≥ 1 2 . Hence, we have
This shows that R Sε maps A|D isomorphically onto a closed subspace of C(S ε , E) m .
Taking S := S ε in statement (a) of the theorem with ε as in Proposition 4.4 we obtain the required result; this completes the proof of part (1) of the theorem.
(2) Suppose E = f * E ′ , where f : X → Y is a holomorphic map into a Stein manifold Y and E ′ is a holomorphic Banach vector bundle on Y with fibre B such that the group GL(B) is contractible. The latter implies that E ′ is isomorphic to the trivial bundle Y × B in the category of topological Banach vector bundles. In turn, since Y is Stein, the Oka principle for holomorphic Banach vector bundles, see [Bun] , implies that E ′ is holomorphically isomorphic to Y × B as well, and so E is holomorphically isomorphic to X ×B. Thus, the required result follows from part (1) of the theorem applied to the trivial bundle X × B.
The proof of the theorem is complete.
Proof of Theorem 2.4
The isomorphism in (1) is induced by the map associating to each ξ ∈ Z n−p,n−q 0
is a continuous bilinear form with respect to the product topology τ p,q (E) × τ n−p,n−q (E * ) on Λ p,q (D, E) × Λ n−p,n−q (D, E * ), see subsection 4.1, defined as follows. Let V → X be a holomorphic Banach vector bundle. Consider a continuous bundle homomorphism
sending a vector e x ⊗ e * x ⊗ v x in the fibre of E ⊗ E * ⊗ V over x ∈ X to the vector e * x (e x ) · v x in the fibre of V over x (here e x , e * x and v x are vectors in fibres of E, E * and V over x) and then extended by linearity.
To define J E we take
In turn, Tr E (V p,q,r,s )(θ ⊗ ξ) is a C ∞ section overD of bundle V p,q,r,s . Let Λ p,q,r,s be the canonical quotient homomorphism of bundles V → ∧ p+r T * ∧ ∧ q+s T * (obtaining by replacing ⊗ by ∧ in the definition of V ). Assuming that r = n − p, s = n − q, we set (5.13)
(by definition, the integrand is in Λ n,n (D), and so the integral is well defined). The construction of J E and the definition of norms · 0,D,E and · 0,D,E * given in subsection 4.1 imply immediately
Lemma 5.1. There is a constant C > 0 such that
We are in position to prove the theorem.
I. First, we prove the result for the case of the trivial bundle E = X × B, where B is a complex Banach space. Let us prove (1).
Proof. For E = X × C (the scalar case) the required result is proved in [FK, Ch.V.1] . The proof in the general case repeats word-for-word the previous one and is based on the following identities, the first one valid for all φ ∈ Λ p,q (D, E), ψ ∈ Λ r,s (D, E * ), and the second one for all φ ∈ Λ p,q (D, E), ψ ∈ Λ n−p,s (D, E * ) with q + s = n − 1:
(The first identity is easily verified in local coordinates. The second one is the Stokes theorem.)
Lemmas 5.2 and 5.1 and the fact that
is a closed subspace imply that J E descends to a bilinear form (5.14)
is injective and surjective. Along the lines of the proof, we will show that B n−p,n−q 0 (D, E * ) is a closed subspace of Z n−p,n−q 0 (D, E * ), which will prove assertion (1) in this case.
Thus, we must prove: a) (surjectivity) given an element F ∈ (H p,q (D, E)) * , there exists ξ ∈ Z n−p,n−q 0
First, let us prove a). Recall that we fix forms
is the basis of H p,q (D). Due to (4.6) of subsection 4.2, each form θ ∈ Z p,q (D, E) can be uniquely presented as θ =∂G B (θ) + H B (θ), where
Then, by the definition of J E we have
as required.
Next, let us prove b). We construct a continuous linear operator
. Clearly, existence of such an operator would imply b) and, hence, show that B n−p,n−q 0
In case E = X × C the required operator was constructed in [FK, Ch.V.1] :
here ρ is the defining function of D and α ∈ Λ n−p,n−q−2 (D, E * ), θ ∈ Λ n−p,n−q−1 (D, E * ) are uniquely determined by the formula * ∂N ( * ψ) =:∂ρ ∧ α + ρθ (=∂(ρα) + ρ(−∂(ρα) + θ)).
Here * is the Hodge star operator and N is the "∂-Neumann operator" in the terminology of [FK, Ch.V.1] ; the continuity of Q X×C in the Fréchet topology on Λ n−p,n−q (D) follows from [FK, Th. 3.1.14] and the Sobolev embedding theorem.
In the general case, we define Q E using Q X×C similarly to how it was done for operators G B , H B in part A of the proof of Theorem 2.2, cf. subsection 4.2: first, we define Q E := Id B * ⊗ Q X×C on the tensor product B * ⊗ Λ n−p,n−q (D). Then, using the facts that B * ⊗ Λ n−p,n−q (D) is dense in Λ n−p,n−q (D, E * ) and that in virtue of continuity of Q X×C operator Q E is bounded with respect to Fréchet seminorms · ′ k,D,E * on Λ n−p,n−q (D, E * ), we extend Q E by continuity to Λ n−p,n−q (D, E * ). Now, we prove that the constructed operator Q E possesses the required properties.
Indeed, by definition, inclusion
It is verified by applying to Q E ξ "scalarization operators"ĝ n−p,n−q : Λ n−p,n−q (D, E * ) → Λ n−p,n−q (D) (cf. (4.7) with g viewed as an element of B * * ), and using thatĝ n−p,n−q (Q E ξ) = Q X×Cĝn−p,n−q (ξ) and the latter vanishes on ∂D. Identity ξ =∂(Q E ξ) for ξ satisfying J E (·, ξ) = 0 is also verified by this method. This completes the proof of b).
To finish the proof of assertion (1) it remains to show that S E and its inverse are continuous (see (5.15)). Indeed, continuity of S E follows from Lemma 5.1 and the fact that B is an isomorphism of Fréchet spaces (i.e., statement (2) (b)) follows from the arguments presented in the proof of a) and b) above.
This completes the proof of the theorem for trivial bundles.
II. Now we consider the case of an arbitrary holomorphic Banach vector bundle E ∈ Σ 0 (X). Recall that by the definition of class Σ 0 (X) there exists a holomorphic Banach vector bundle E 1 on X such that the Whitney sum E 2 := E ⊕ E 1 is holomorphically trivial, i.e. E 2 = X × B 2 for a complex Banach space B 2 . We have the corresponding embedding and quotient homomorphisms of bundles i : E → E 2 and r : E 2 → E such that r • i = Id E .
In turn, E * 2 = E * ⊕ E n−p,n−q 0
n−p,n−q 0
• M E 2 .
From here, using that M E 2 •N E 2 = Id H n−p,n−q 0 (D,E * 2 ) , we obtain M E •N E = Id H n−p,n−q 0 (D,E * ) . Since M E is continuous, the latter identity implies that space B is complete and hence is closed in O(X, E * ) m .
The fact that B is isomorphic to the dual of A is now immediate, since by what we have proved above B ∼ = (H p,q (D, E)) * , while by Theorem 2.2(1), A ∼ = H p,q (D, E). The proof of assertion (2)(b) is complete.
The proof of assertion (2)(a) is analogous to the proof of part (1)(a) of Theorem 2.2. The proof of the theorem is complete.
